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The authors showed previously on Frobenius algebras and quantum Yang-Baxter
.equation, II, preprint, TRITA-MAT-1995, February 1995 that every Frobenius
algebra over a commutative ring defines a solution of the quantum Yang-Baxter
equation. Applying this result to Hopf algebras over commutative rings which are
finitely generated and projective as modules, we obtain an explicit formula for this
solution. It turns out that this solution can be expressed in terms of the integral
and antipode. We use this solution to characterize separable Hopf algebras over
rings. Some results on the order of the antipode are also obtained. Q 1997 Aca-
demic Press
1. INTRODUCTION
w x  w x.In our preceding paper 2 see also 1 we showed that every Frobenius
associative algebra defined a canonical solution of the quantum Yang-
Baxter equation. It is known that a Hopf algebra over a commutative ring
  . .K with Pic K s 1 , which is a finitely generated projective module, is a
 w x.Frobenius algebra see 15, 10 . Therefore we can apply this construction
to such Hopf algebras. We obtain an explicit formula for this solution. It
turns out that this solution plays an important role in the structure theory
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of Hopf algebras over commutative rings. Making use of its properties we
obtain a characterization of separable Hopf algebras. As a corollary we
w xobtain a number of results from 9, 10, 14, 12 previously known for Hopf
algebras over fields.
In what follows K is an associative commutative ring with 1. Given any
 .K-module M, R g End M m M and m, n g M, following Lambe andK
w x  .Radord 8 we write the finite sum R m m n formally as
R m m n s m m n . .  1. 2.
We shall say that R is a solution of the quantum Yang-Baxter equation
 .QYBE , if
R12 R13R23 s R23R13R12 , 1 .
where R12 , R13, R23: M m M m M ª M m M m M are given by theK K K K
rule
R12 l m m m n s l m m m n , .  1. 2.
R13 l m m m n s l m m m n , .  1. 2.
R23 l m m m n s l m m m n . .  1. 2.
w xThe reader is referred to 4, 8, 13 for general discussion of the QYBE.
 .Let M be a K-module. We set M* s Hom M, K and we shall writeK
 :  .f , x for f x where f g M*, x g M. A bilinear form B: M = M ª K is
called surgenerate if the mapping c s c : M ª M* given by the ruleB
  . :  . c x , y s B y, x for all x, y g M is an isomorphism of K-modules see
w x.10, Lemma 2 .
An associative K-algebra A is said to be Frobenius if A is a finitely
generated projective K-module and there exists f g A* such that the
 .  .bilinear form B x, y s f xy , x, y g A, is surgenerate. The map f isf
called a Frobenius homomorphism. Further an algebra A is called sym-
 .  .metric if A is Frobenius and f xy s f yx for all x, y g A, where f is a
 w x.Frobenius homomorphism of A see 6 . Given a Frobenius algebra B
with Frobenius homomorphism f, we denote by c the isomorphism of
K-modules B and B* given by the formula c s c .Bf
Let A be a Frobenius algebra over K with Frobenius homomorphism f.
Since A is a finitely generated projective K-module, there exists elements
e g A and f i g A*, i s 1, 2, . . . , n, such thati
n n
i i :x s f x e s f , x e . i i
is1 is1
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i .  i :for all x g A. In what follows we shall simply write x s f x e s f , x e .i i
i y1 i. i .  i.Setting e s c f , i s 1, 2, . . . , n, we note that f x s f xe for all
 i.x g A, i s 1, 2, . . . , n, and so x s f xe e for all x g A. We shall refer toi
 4  1 2 n4  4  1 2 n4e , e , . . . , e , e , e , . . . , e and to e , e , . . . , e , f , f , . . . , f as to1 2 n 1 2 n
dual bases of A. Given any x g A there exists a unique element x9 g A
such that
 :f yx9 s c x9 , y s f xy for all y g A. .  .  .
One can easily check that the mapping a : A ª A given by the rule
 .a x s x9, x g A, is an automorphism of the algebra A. The automor-
phism a is called Nakayama's automorphism of A.
2. PRELIMINARY RESULTS
In what follows we shall frequently use the following results obtained in
w x2 .
 w x.Remark 2.1 Remark 2.1 of 2 . Let M be a finitely generated projec-
tive K-module. Define the homomorphism of K-modules r : M m M ªM K
 .Hom M*, M by the ruleK
r a m b f s f a b for all a, b g M . .  .  .M
Then r is an isomorphism.M
PROPOSITION 2.2. Let M be a finitely generated projecti¨ e K-module with
 4a surgenerate bilinear form B: M = M ª M and c s c . Further let e g M,B i
 i4 i y1 i.f g M*, i s 1, 2, . . . , n, be dual bases of M and e s c f , i s
1, 2, . . . , n. We set Q s e m ei g M m M and define the homomorphismi K
 .x s x : M m M ª End M by the ruleM K K
 :x a m b x s c b , x a s B x , b a, a, b g M , .  .  .  .
 .and its consequences. Further we define the mapping Tr: End M ª K asK
Tr l s f i , l e s B l e , ei , l g End M . : .  .  .  . .i i K
Then:
 . 1 2 ni e , e , . . . , e generate the K-module M;
 .  i.  . iii x s B x, e e s B e , x e for all x g M;i i
 .iii x is an isomorphism of K-modules;
 . y1 y1 . y1 .iv Q s r c s x id ;M M
 .v The element Q does not depend on the choice of dual bases
 4  i4e , e , i s 1,2, . . . , n, of M;i
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 .vi The mapping Tr does not depend on the choice of the dual bases
 4  i4e , e , i s 1, 2, . . . , n, of M;i
 .vii If M is a free K-module, then Tr is the trace function on
 .End M ;K
 .  .   ..viii The mapping a : M ª M gi¨ en by the rule B x, y s B y, a x
is an automorphism of the K-module M and
y1 1 y1 2 y1 n  4a e , a e , . . . , a e , e , e , . . . , e 4 .  .  . 1 2 n
 .are dual bases of M a is called Nakayama's automorphism .
 .  . w xProof. Statements i ] vii are proved in 2, Proposition 2.2 .
 .  .  y1 . .viii The first statement is obvious. Clearly B x, y s B a y , x for
 .all x, y g M. Given x g M, by ii we have that
x s B x , ei e s B ay1 e , x e . .  . .i i i
We see that
B x , e ay1 ei s ay1 B x , e ei say1 B e , a x ei .  .  .  . . .  .i i i
s ay1 a x s x . .
i .  .for all x g M. Setting f x s B x, e for all x g M, we conclude thati
  i.4  i4 y1 i.a e , f , i s 1, 2, . . . , n are dual bases of M. Finally e s c f andi
 .so viii is proved.
Given a K-algebra A, we set
Q A s Q g A m A 1 = a Q s Q a m 1 . .  .  . 4K
In the next theorem A m A is considered an A-A-bimodule under theK
 .  .multiplication a ? x m y s ay m y and x m y ? b s x m yb for all
a, b, x, y g A.
 w x.THEOREM 2.3 Theorem 3.4 of 2 . Let A be a Frobenius algebra o¨er a
 4  i4commutati¨ e ring K with Nakayama's automorphism a and let e , e ,i
i s 1, 2, . . . , n be dual bases of A. We set Q s e m ei g A m A and definei K
 .the K-linear mapping T : A m A ª A m A by the rule T a m b s b m a,K K
a, b g A, and its consequences. Then:
 . y1 y1 . y1 .i Q s r c s x id ;A A A
 . iii The element Q does not depend on the choice of dual bases e , e ,i
i s 1, 2, . . . , n, of A;
 .  .   ..iii a m b Q s Q b m a a for all a, b g A;
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 . i i  . i iiv xe ze s e zea x and xe ye s e ye x for all x, z g A;i i i i
 . 12 13 23 12 13 23v Q Q s Q Q s Q Q ;
 .vi The element Q satisfies the braid relation
Q12 Q23Q12 s Q23Q12 Q23 ; 2 .
 .  .  .vii R s QT g End A m A is a function of QYBE 1 ;K k
 .  .  .viii Q A is a free rank one left right A-submodule of A m A withK
 4basis Q .
w xThe reader is referred to Sweedler's and Montgomery's books 21, 14
for the basic knowledge and notations of the Hopf algebra theory. In what
follows H will denote a Hopf algebra over a commutative ring K with
comultiplication D, counit e , and antipode S.
 .Given a K-algebra A, we denote by Z A the center of A. Recall that
the algebra A is called separable, if it is a projective right A m A8-module,K
 .where A8 is the opposite algebra to A and x ? a m b s bxa for all
w xa, b, x g A. By 3, Proposition 1.1 , A is separable if and only if the
K-algebra A m A8 contains an idempotent e s  a m b such thatK i i
 . b a s 1 and e) a m 1 y 1 m a s 0 for all a g A. Here ) is thei i
multiplication in A m A8. This element e is called a separability idempo-K
wtent for A. Basic facts of separable algebra theory can be found in 3, 16,
x19 . We close this section with the following result.
 w x.THEOREM 2.4 Theorem 4.2 of 2 . Let A be a Frobenius K-algebra with
Frobenius homomorphism f, Nakayama's automorphism a , and dual bases
 4  i4 i  .e , e , i s 1, 2, . . . , n. We set u s e e and define the map F: A ª Z Ai i
 . ias follows: F x s e xe for all x g A. Consider the following conditions:i
 .i u is an in¨ertible element of A;
 .  .ii A is a Frobenius Z A -algebra with Frobenius homomorphism F;
 .  .iii F x s 1 for some x g A;
 .iv A is a separable K-algebra.
 .  .  .  .Then i « ii m iii m iv and third condition implies that A is a
separable K-algebra with separability idempotent e m ei x. Furthermore,i
 . y1a x s uxu and A is a symmetric K-algebra.
3. HOPF ALGEBRAS AND QYBE
Throughout this section we will use freely the techniques and results of
w x15, 10 . We also note that if a Hopf algebra H over a commutative ring K
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 .is a finitely generated projective module and Pic K s 1, then H is a
 .Frobenius algebra over K with Frobenius homomorphism satisfying 3 of
 w x.Remark 3.1 see 12 .
Remark 3.1. Let H be a Hopf algebra over a commutative ring K with
antipode S, comultiplication D, and counit e . Further let f g H*. Then
h f h s f h ? 1 for all h g H 3 .  . . 1. 2.
 .h
if and only if f is a left integral in H*.
Proof. Let g g H*. We denote by p the counit of H* and recall that
 .  .  . .  .  .  .p g s g 1 and gf h s  g h f h . Further 3 is equivalent toh. 1. 2.
p g f h s f h g 1 s g f h ? 1 s g h f h .  .  .  .  . .  .  . 1. 2. /
 .h
s g h f h s gf h .  . .  . 1. 2.
 .h
 .  .for all g g H* and h g H. Thus 3 is equivalent to p g f s gf for all
g g H* which completes the proof.
THEOREM 3.2. Let H be a Hopf algebra and a Frobenius algebra o¨er a
commutati¨ e ring K with antipode S, comultiplication D, counit e , Frobenius
homomorphism f : H ª R such that
h f h s f h ? 1 for all h g H 4 .  . . 1. 2.
 .h
 4  i4and with Nakayama's automorphism a . Further let e , e g H, i si
1, 2, . . . , n, be dual bases of H and let p be a counit of the Hopf algebra H*.
Then:
 .  . i  .  i.   .  .i N s e e e s S e e e is a left norm i.e., f xN s e x fori i
.  .  . iall x g H and a left integral in H. Further D N s S e m e andi
e N ? 1 s eie s S2 e ei s e e e ei ? 1; .  .  .  .i i i
 .ii f generates the submodule of left integrals in H* and
Tr S2 s e N p f ; .  .  .
 .  y1 .  . iii Gi¨ en any left integral l g H, R s S m 1 D l T g End H mk
.  .H is a solution of QYBE 1 .
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 .  . i  .  .  i.Proof. i Setting N s e e e we see that e N s e e e e andi i
f N s e e f ei s e f ei e s e f 1 ? ei e s e 1 s 1 5 .  .  .  .  .  .  . .  .i i i
 .  .by Proposition 2.2 ii . Further let x g H. According to Proposition 2.2 ii
we have that
xN s e e xei s e e f e xei e j s e f e xei e e j .  .  .  .  . /i i j j i
s e e x e j s e e e x e j s e x N. .  .  .  .j j
 .Therefore N is a left integral. If follows from 5 that
f xN s f e x N s e x f N s e x .  .  .  .  . .
and so N is a left norm of H.
 4Suppose now that e , e , . . . , e is a free basis of H. According to the1 2 n
w xproof of Theorem 2 in 15 , the mapping S9: H ª H given by the rule
S9 x s N f xN for all x g H .  . 1. 2.
 .N
is the antipode of H. Since the antipode is unique, S9 s S and so
S x s N f xN for all x g H . 6 .  . . 1. 2.
 .N
w x   .  .  .4By 15, Proposition 4 , S is bijective and hence S e , S e , . . . , S e1 2 n
 . n  .forms a K-basis of H. Therefore D N s  S e m a for some a g H,is1 i i i
 .i s 1, 2, . . . , n. We rewrite 6 as
n
S x s S e f xa for all x g H . .  .  . i i
is1
Applying Sy1 we infer that
n
x s e f xa for all x g H . 7 .  . i i
is1
 i.  i.  .On the other hand x s e f xe for all x g H and so f xe s f xa fori i
all x g H, i s 1, 2, . . . , n. It follows that a s ei, i s 1, 2, . . . , n, and hencei
 .  . iD N s S e m e .i
Consider now the general case. Let m be any maximal ideal of K.
Denote by H the localization of H with respect to m. Let g : H ª H bem m
the canonical homomorphism of K-algebras. Clearly H is a Hopf algebram
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with comultiplication D , antipode S , and counit e such thatm m m
D g h s g h m g h , 8 .  . .  .  .m 1. 2.
 .h
S g h s g S h , 9 .  .  . .  .m
e g h ? 1 s g e h ? 1 . 10 .  .  . .  .m H Hm
 4  j4  4Let u , u , j s 1, 2, . . . , t, be dual bases of H such that u , u , . . . , uj m 1 2 t
 . jis a free basis. Setting N s e u u , we see from the above result thatm m j
 .  . j   .4   i.4D N s S u m u . Since g e , g e , i s 1, 2, . . . , n, are still dualm m m j i
 .  .  i. jbases of H , by Theorem 2.3 ii we have that g e m g e s u m u .m i j
 .Applying S m id and making use of 9 , we see thatm H m
g S e m g ei s S u m u j s D N 11 .  .  .  .  . .i m j m m
 .and so by 10 we have
N s e g S e g ei s g e S e g ei . .  .  .  . .  . .  .m m i i
  ..  .Since e S e s e e for all i, we see thati i
N s g e e g ei s g N . .  .  . .m i
 .  .Therefore by 8 and 11 we have that
g m g D N s D g N s D N s g S e m g ei .  .  .  .  .  . .  .  .m m m i
 .  . ifor all maximal ideals m of K. Thus D N s S e m e . By the counitaryi
 .  i.  .  .property we have N s S e e e . Since e h s  h S h for alli h. 1. 2.
 .  i.  . y1h g H, we see that S e S e s e N ? 1 . Applying S we infer thati H
i  . 2 . i   .. ie e s e N ? 1. Analogously we infer that S e e s S S e e si i i
 .  .e N ? 1 . Therefore i is proved.H
 .ii According to Remark 3.1, f is a left integral in H*. Let L be a K
submodule of left integrals in H*. We claim that L s Kf. Indeed, making
use of localizations with respect to maximal ideals of K we reduce the
 .proof to the case when Pic K s 1. Then L is a free K-module with a free
 w x .generator c , say see 15 Theorem 3 and hence f s lc for some l g K.
 .  .On the other hand there exists x g H such that c y s f yx for all
 .  .y g H. Therefore f y s f yl x for all y g H which implies that l x s 1
and hence L s Kf.
 .  . 2 . iNext by i we have that e N ? 1 s S e e . Applying f we see thatH i
 .  .  2 . i.  2 .e N f 1 s f S e e s Tr S by the definition of Tr. Recall thati
 .  .  .  .  2 .p f s f 1 , we conclude that e N p f s Tr S .
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 . w xiii According to 15, Theorem 3 , N is a free generator of the
 i.K-submodule of left integrals of H. Therefore R s c e m e T for somei
c g K. Applying Theorem 2.3 we complete the proof.
 .We note that Theorem 2.3 ii was proved for finite dimensional Hopf
w xalgebras over fields using different methods 12, Theorem 2.5 .
 .EXAMPLES. 1 Let G be a finite group with identity e. Then the group
ring H s KG is a Hopf algebra over K. One can check that f : KG ª K
 .defined by the rule f  k g s k is an integral in H* and a Frobeniusg g e
homomorphism. It is clear that H is a symmetric algebra. Therefore
 y1 .  . y1N s  g and Q s S m 1 D N s  g m g satisfies both theg g G g g G
w xbraid relation and QYBE by Theorem 3.2 and 2, Theorem 3.7 .
 .2 Let F be a field characteristic p ) 0, and let L be the restricted Lie
algebra over F with basis e, f satisfying the relations
w x p pf , e s e, f s f , e s e
 w x. py1 py1 isee 7, p. 187 . Then l s  e f is a left integral of the restrictedis1
w xuniversal enveloping algebra U of L by 10, p. 85 . One can check that
Q s Sy1 m 1 D l .  .
py1
py1 is ye m 1 q 1 m e yf m 1 q 1 m f .  .
is1
py1
ir ss e m e yf m 1 q 1 m f . .  /
is1 rqsspy1
By Theorem 3.2, QT satisfies QYBE.
THEOREM 3.3. Let H be a Hopf algebra and a Frobenius algebra o¨er a
commutati¨ e ring K with antipode S, comultiplication D, counit e , Frobenius
homomorphism f : H ª R such that
h f h s f h ? 1 for all h g H 12 .  . . 1. 2.
 .h
 4  i4and with Nakayama's automorphism a . Further let e , e g H, i si
 . i i1, 2, . . . , n, be dual bases of H and N s e e e . We set u s e e and definei i
 .  . ithe map F: H ª Z H as follows: F x s e xe for all x g H. Consider thei
following conditions:
 .i u is an in¨ertible element of H;
 .  .ii H is a Frobenius Z H -algebra with Frobenius homomorphism F;
 .  .iii F x s 1 for some x g H;
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 .iv H is a separable K-algebra;
 .  .v e N is an in¨ertible element of K ;
 .  .vi e l is an in¨ertible element of K for some left integral l of H.
 .  .  .  .  .  .Then i « ii m iii m iv m v m vi .
Furthermore, if H is a separable K-algebra, then:
 .  .y1 ia e N e m e is a separability idempotent for H;i
 .b If e s  a m b is a separability idempotent for A, then h si i
 .  . e a b is a left integral with e h s 1.i i
 .  .  .  . wProof. By Theorem 2.4, i « ii m iii m iv . According to 15,
xTheorem 3 , N is a free generator of the K-submodule of left integrals in
 .  .H. Therefore v and vi are equivalent.
 .  .  .If v « iii . It follows from Theorem 3.2 i that
y1 y1 iF 1 ? e N s e N e e s 1. .  .  . . i
Now let H be a separable K-algebra with a separability idempotent
 . e s  a m b . It follows directly from the definitions that e g Q A seei i
w x.  .also 2, Corollary 3.3 . By Theorem 2.3 viii there exists an element x g A
j  .such that  a m b s xe m e . It follows from Theorem 3.2 i thati i j
h s e a b s e xe e j s e x e e e j s e x N .  .  .  .  . . i i j j
  ..and so h is a left integral in H which proves b . Further, we have
e h s e a e b s e b a s e 1 s 1 .  .  .  . . i i i i
 .  .  .  .and so e x e N s 1. Therefore iv « v .
 .y1 iFinally, we remark that e N e m e is a separability idempotent fori
A by Theorem 2.4.
w xAt this point we note that according to 10, Proposition 3 , a Hopf
algebra H over a field is semisimple if, and only if, it has an integral l g H
 .such that e l s 1. We also note that the separability of semisimple Hopf
 w x.algebras over fields is well known see 14 .
COROLLARY 3.4. Let H be a Hopf algebra o¨er a commutati¨ e ring K
such that H is a finitely generated projecti¨ e K-module. Then H is a separable
 .K-algebra if and only if H has a left integral l such that e l is an in¨ertible
element of K.
 .Proof. Denote by I H the K-submodule of left integrals in H. Givenl
 .  .   ..any maximal ideal m of K, clearly I H s I H and e I H sl m l m m l m
w   ..x   ..   ..e I H . Therefore e I H s K if, and only if, e I H s Kl m l m l m m
for all maximal ideals m of K. On the other hand H is a separable
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K-algebra if, and only if, H is a separable K -algebra for all maximalm m
 w x.  . w xideals m see 3 . Since Pic K s 1, by 15, Theorem 1 , H is am m
Frobenius algebra over K with Frobenius homomorphism f satisfyingm
 .12 of Theorem 3.3. Applying Theorem 3.3 we complete the proof.
COROLLARY 3.5. Let H be a Hopf algebra o¨er a commutati¨ e ring K with
antipode S. Suppose that H is a finitely generated projecti¨ e K-module. Then H
 2 .and H* are separable K-algebras if and only if Tr S is an in¨ertible element
of K.
Proof. Recall that an algebra over K is separable if, and only if, all its
 w x.localizations with respect to maximal ideals of K are separable see 3 .
Making use of localizations with respect to maximal ideals of K we reduce
 . w xthe proof to the case when Pic K s 1. Then by 15, Theorem 1 , H is a
Frobenius K-algebra with Frobenius homomorphism f such that
 .  .  . h f h s f h ? 1 . It follows from Theorem 3.2 ii thath. 1. 2. H
 .  .  2 .e N p f s Tr S where N is the left integral given by Theorem 3.2 and
p is a counit of the Hopf algebra H*. Since f generates K-module
 .  .  . wI H* by Theorem 3.2 ii and N generates K-module I H by 15,l l
x   ..   ..  2 .Theorem 3 , we see that e I H p I H* s K if and only if Tr S isl l
invertible. Applying Theorem 3.3, we complete the proof.
 .Here we note that Theorem 3.2 ii and the above corollary are the
w xgeneralizations of 12, Theorem 2.5 proved for Hopf algebras over fields.
w xIn 9, Theorem 2.8 Larson proved that the dimension of a simple co-
module of an involutory cosemisimple Hopf algebra over an algebraically
closed field is not divisible by the characteristic of the field. In connection
with the above question, we prove the following result.
THEOREM 3.6. Let H be a Frobenius algebra with a Frobenius homomor-
phism f o¨er an algebraically closed field K. Then the following conditions
are equi¨ alent:
 . ii u s e e is in¨ertible;i
 .  .ii H is a separable K-algebra and the characteristic char K of K does
not di¨ ide dimensions of simple H-modules.
Furthermore, if H is an in¨olutory semisimple Hopf K-algebra, then u is
in¨ertible.
Proof. We already know that the invertibility of u implies the separa-
 w x.bility of H see 2, Theorem 4.2 . Assuming that H is a separable
 .  .K-algebra, we show that i is equivalent to ii . Since K is algebraically
m  .  .closed, we see that H s [ M K , where M K is the n = n matrixn n i iis1 i i
ring over K. Clearly the restriction of f onto the ith direct summand of H
 .yields a Frobenius homomorphism of M K and so we can assumeni
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 4  j4 m 2without loss of generality that dual bases e , e , j s 1, 2, . . . , n , arej is1 i
 .a union of dual bases of M K , i s 1, 2, . . . , m. This observation reducesni
 .the problem to the case when H s M K .n
 .  .Suppose now that u is invertible. Setting c x s f xu , we recall from
w x  .  .the proof of 2, Theorem 4.2 that c ab s c ba for all a, b g H. Since
 .  .  .  4H s M K , it is easily seen that c x s l tr x for some l g K _ 0 ,n
 .  .  y1 .where tr: M K ª K is a trace map. Therefore f x s l tr xu . Letn
 4  .e N 1 F i, j F n be a system of matrix units of M K . Then if followsi j n
that e , e ly1 u, 1 F i, j F n, form dual bases. Hencei j ji
n
y1 y1u s e e l u s nl u i j ji
i , js1
y1  .and so nl s 1 which means that char K does not divide n.
Next, assume that the characteristic of K does not divide n. Then Tr,
 .the trace of the left regular representation of M K , defines a non-n
 .  .degenerate bilinear form on M K , because M K is a direct sum of nn n
 .   ..  .copies of a simple left M K -module and so Tr L a s n ? tr a for alln
 .   .  .  .  . .a g M K here L a : M K ª M K is given by L a x s ax for alln n n
 ..   ..  i.  .x g M K . On the other hand Tr L a s f ae e s f au by Proposi-n i
  .  ..tion 2.2. Since Tr L a L b is nondegenerate, we conclude that u is
invertible.
Finally, let H be an involutory semisimple Hopf algebra. By Theorem
 .  .3.3 v , e N is an invertible element of K. On the other hand Theorem
 .3.2 i implies that
e N ? 1 s S N N s S2 e ei s e ei s u. .  . . 1. 2. i i
 .N
The proof is complete.
w xThe following result is a generalization of 12, Theorem 3 , where it is
shown that a Hopf algebra H over a field of characteristic zero is
semisimple if and only if H* is semisimple.
Remark 3.7. Let K be a commutative ring containing the rational
number field and let H be a Hopf algebra over K which is a finitely
projective K-module. Then H is a separable K-algebra if and only if H* is
a separable K-algebra.
Proof. By symmetry we have only to show that the separability of H
w ximplies the separability of H*. Taking into account 3, Theorem 7.1 we
conclude that it is enough to show that the separability of Krm-algebra
HrmH implies the separability of H*rmH* for every maximal ideal m of
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K. Since H is a finitely projective K-module, Hopf algebras H*rmH* and
 .  . wHrmH * are isomorphic. Clearly char Krm s 0. Applying 12, Theorem
x3 we complete the proof.
 .  .Recall that H is said to be unimodular if I H s I H .l r
PROPOSITION 3.8. Let H be an unimodular Hopf algebra and a Frobenius
algebra o¨er a commutati¨ e ring K with antipode S, comultiplication D, counit
e , Frobenius homomorphism f : H ª R such that
h f h s f h ? 1 for all h g H 13 .  . . 1. 2.
 .h
 4  i4and with Nakayama's automorphism a . Further let e , e g H, i si
 . i  .1, 2, . . . , n, be dual bases of H and N s e e e . Then S N s N andi
2  .S s a . Moreo¨er S M s M for any integral M in H.
Proof. Making use of localization with respect to maximal ideals of K
we reduce the proof to the case when H is a free K-module with free basis
 .e , e , . . . , e . By Theorem 3.2 i , N is a left integral in H and a left norm.1 2 n
w x  .  .  .Therefore by 15, Theorem 3 , I H s KN. Since I H s I H andl l r
 .  .S N is a right integral in H, we see that S N s lN for some l g K.
  ..  .  .Recall that D S N s  S N m S N . Making us of TheoremN . 2. 1.
 .3.2 i , we see that
S ui m S2 u s lS e m e j, 14 .  .  .  .i j
 4  i4  4  j4where u , u and e , e , i, j s 1, 2, . . . , n, are dual bases of H. Sincei j
y1 i.  .a e , e , i s 1, 2, . . . , n, are dual bases of H by Proposition 2.2 viii ,i
y1 i. i  .setting u s a e and u s e we infer from 14 thati i
S e m S2 ay1 ei s lS e m e j .  .  . .i j
2 y1 i.. i 2 y1and so S a e s le for all i s 1, 2, . . . , n. That is, S ( a s l id .H
Since S2 and ay1 are automorphisms of the algebra H, applying both
2sides to xy we see that l s 1 and S s a .
COROLLARY 3.9. Let H be an unimodular Hopf algebra with antipode S.
Suppose that H is a finitely generated projecti¨ e K-module and H* is an
unimodular Hopf algebra. Then S4 s id .H
Proof. Localizing with respect to a maximal ideal of K we reduce the
 .proof to the case when H and hence H* are free K-modules and
 . w xPic K s 1. Then by 15, Theorem 1 , H is a Frobenius algebra with
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Frobenius homomorphism f such that
h f h s fh ? 1 for all h g H . . 1. 2.
 .h
From Remark 3.1, we see that f is a left integral in H*. Since H* is
unimodular, f is a right integral in H* and hence by ``right'' version of
Remark 3.1 we have that
f h h s f h ? 1 for all h g H . . . 1. 2.
 .h
 . i  .Now let N s e e e be an integral defined in Theorem 3.2. Then D N si
 . i  . 2S e m e . Further, by Proposition 3.8, S N s N and S s a , where a isi
automorphism associated with the Frobenius homomorphism f : H ª K.
Applying Proposition 3.8 to H* we conclude that f (S s f and so
y1   ..  .  .f (S s f. Since D S N s  S N m S N , we see thatN . 2. 1.
 .   ..  i. 2 .  i.D N s D S N s S e m S e . Setting u s S e we see fromi i
f S ei S e s f (S e ei s f e ei s d .  .  .  . .j j j i j
i  .  .  i.that u s S e , i s 1, 2, . . . , n. Therefore D N s u m S u . Next wei i
note that
d s f u u j s f u ja u s f (Sy1 S u ja u s f Sa u S u j .  .  .  . .  .  .  . .i j i i i i
  .4   i.4for all i, j s 1, 2, . . . , n and hence Sa u , S u , i s 1, 2, . . . , n, are duali
bases of H. Recalling that a s S2 we infer that
u m S ui s D N s S Sa u m S ui s S4 u m S ui . .  .  .  .  .  . .i i i
4 . 4Thus S u s u for all i s 1, 2, . . . , n and so S s id . The proof isi i H
complete.
The order of antipode was investigated in a number of papers see, for
w x. 2example, 9]11, 17, 22 . It is known that S s id for cosemisimpleH
w xalgebras over a field of characteristic zero 11 . The order of an antipode
w x w xof a finite-dimensional Hopf algebra over a field is finite by 17 . In 9 it is
shown that S4 s id if H and H* are unimodular finite dimensionalH
algebras over a field. If has been also noted that there is an example of 8
dimensional unimodular Hopf algebra H such that H* is unimodular and
 w x.the order of the antipode is equal to 4 see 17 . Here we recall that a
Hopf algebra H with antipode S is called involutory if S2 s id . WeH
continue with the following result.
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COROLLARY 3.10. Let H be a Hopf algebra o¨er a ring K with antipode S
such that H is a finitely generated projecti¨ e K-module. Suppose that 1r2 g K
and both K-algebras H and H* are unimodular. Then S2 s id if and only ifH
a Hopf algebra HrmH is in¨olutory for e¨ery maximal ideal m of K.
Proof. It follows from Corollary 3.9 that S4 s id . Suppose that HrmHH
 2 .is involutory i.e., S s id for every maximal ideal m of K. We show that
H is involutory as well. Since 1r2 g K we see that H s H [ H , whereq y
 2 . 4  2 . 4H s h g H: S h s h and H s h g H: S h s yh . In particular,q y
H and H are projective K-modules.q y
Therefore it is enough to show that H s 0. Making use of localizationsy
with respect to maximal ideals of K, we reduce the problem to the case
when K is a local ring with maximal ideal m. Since HrmH is involutory,
H : mH. From H s H [ H we conclude that H s mH . Thus H sy q y y y y
0 by Nakayama's Lemma. The proof is complete.
COROLLARY 3.11. Let H be a Hopf algebra o¨er a commutati¨ e ring K.
Suppose that H is a separable K-algebra and a finitely generated projecti¨ e
K-module. Further, let K ha¨e no additional torsion. Then H is in¨olutory.
Proof. Without loss of generality we can assume that the ring Z of
 4integers is contained in K. Localizing with respect to Zr 0 we reduce the
problem to the case when K contains the rational number field. Now by
Remark 3.7, H* is a separable K-algebra. We claim that H and H* are
unimodular. Indeed, since H is separable, there exists a left integral N in
 .  .  .H such that e N s 1. Clearly S N is a right integral and so M s NS N
 .is a two-sided integral with e M s 1. It is enough to show that KM s
 .I H . Making us of localizations with respect to maximal ideals of K, wel
 .  .reduce the problem to the case when Pic K s 1. Then I H is a freel
w x  .   ..K-module of rank one by 15, Theorem 3 . Since K s e KM s e I H ,l
 .we conclude that KM s I H . The unimodularity of H* can be proved1
w xanalogously. By 11, Theorem 4 every finite dimensional semisimple Hopf
algebra over a field of characteristic zero is involutory. Therefore from
Corollary 3.10 we see that H is involutory.
We close our discussion with the following application of our results to
 .  w xthe Drinfel'd's double D H of a Hopf algebra H we refer to 4, 14 for
.the definition and properties of the Drinfel'd's double .
COROLLARY 3.12. Let A be a finitely dimensional Hopf algebra o¨er a
 . field K. Then H s D A is a symmetric algebra i.e., H has a symmetric
.associati¨ e nondegenerate bilinear form .
w x  wProof. According to the result of Radford 18 see also 14, Theorem
x.10.3.12 , H is an unimodular Hopf algebra. Let f, a , and S be as in
2  .Theorem 3.2. By Proposition 3.8, S s a . On the other hand H s D A is
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w x  walmost cocommutative by the result of Drinfel'd 4 see also 14, Theorem
x. 2  w10.3.6 and so S is an inner automorphism of H see 5; 14, Proposition
x.10.1.4 . Therefore there exists an invertible element ¨ g H such that
 . 2 . y1  .  .a x s S x s ¨ x¨ for all x g H. Clearly c x s f x¨ , x g H, is a
 .  .Frobenius homomorphism and c xy s c yx for all x, y g H. The proof
is complete.
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